Emergent Supersymmetric Many-Body Systems in Doped Z2 Topological Spin
  Liquid of the Toric-Code Model by He, Jing et al.
ar
X
iv
:1
21
0.
32
32
v1
  [
co
nd
-m
at.
str
-el
]  
11
 O
ct 
20
12
Emergent Supersymmetric Many-Body Systems in Doped Z2 Topological Spin Liquid
of the Toric-Code Model
Jing He,1 Jing Yu,2 Xing-Hai Zhang,1 and Su-Peng Kou1, ∗
1Department of Physics, Beijing Normal University, Beijing, 100875 P. R. China
2Department of Physics, Liaoning Shihua University, Fushun, 113001, P. R. China
In this paper, we studied the doped Z2 topological spin liquid of the toric-code model. We found
that the doped holes become supersymmetric particles. The ground state of the doped Z2 topological
spin liquid becomes new matters of quantum states - supersymmetric Bose-Einstein condensation
or supersymmetric superfluid. As a result, this system provides a unique example of manipulatable
supersymmetric many-body system.
Doped holes in a spin model had become an impor-
tant issue since the discovery of high Tc superconduc-
tivity in cuprates[1]. As the microscopic model of the
high Tc superconductivity - the t − J model has been
intensively studied for several decades. Motivated by
the experimental facts in the high-Tc cuprates, the spin-
charge separation idea [2] was a very basic concept by
introducing spinless “holon” of charge e and neutral spin-
1/2 “spinon” as the essential building blocks of the re-
stricted Hilbert space. However, for a long range anti-
ferromagnetic (AF) order, there is no true spin-charge
separation at all. People pointed out that a single doped
hole in the AF order can be a charged spin bag[3], or
Shraiman-Siggia dipole[4], or localized object[5, 6] from
different points of view. The true spin-charge separa-
tion occurs only in the quantum disordered spin states
(people call them quantum spin liquid states). And the
doped spin liquid is always a superconducting order with
holon-condensation.
On the other hand, in the last decade, several ex-
actly solvable spin models with Z2 topological spin liquid
were found, such as the toric-code model [7], the Wen-
plaquette model [8, 9] and the Kitaev model on a hon-
eycomb lattice [10]. It becomes an interesting issue to
study the properties of doped spin liquid by doping holes
to these exactly solvable spin models. In Ref.[11], the
fermi liquid nature of doped Z2 topological spin liquid is
obtained. People also studied the effect of doped holes in
the gapless phase of the Kitaev model in Ref.[12–14] and
pointed out that the topological superconducting state
can be its ground state.
In this paper, after studying the non-perturbative
properties of doped holes, we found that a doped hole
in the Z2 topological spin liquid of the toric-code model
becomes a supersymmetric holon and a universal feature
of the doped Z2 topological spin liquid is the emergence
of supersymmetry. We found that the ground state of the
doped Z2 topological spin liquid is supersymmetric Bose-
Einstein condensation (SBEC) state, of which there exist
the fermionic Goldstone mode - Goldstino which is the
partner of the Bosonic Goldstone mode. And we can ma-
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nipulate the supersymmetry by tuning the transverse ex-
ternal field to the system. After breaking the supersym-
metry by the transverse external field, the ground state
becomes a new matter of a quantum state - supersymmet-
ric superfluid - Bose-Einstein condensation (BEC) state
for the bosonic holons and superconducting (SC) state for
the fermionic holons. That is, the doped Z2 topological
spin liquid provides a unique example of supersymmetric
many-body system.
Our starting point is the so-called t-toric-code model
that is described by the following Hamiltonian
H = Ht +Htc +HI, (1)
Ht = −t
∑
〈ij〉,σ
Psc
†
σicσjPs + µ
∑
i,σ
c†iσciσ
Htc = −A
∑
i∈even
Zi −B
∑
i∈odd
Xi,
HI = h
x
∑
i
sxi + h
y
∑
i
syi
where Zi =s
z
i s
z
i+eˆx
szi+eˆx+eˆys
z
i+eˆy
,
Xi =s
x
i s
x
i+eˆx
sxi+eˆx+eˆys
x
i+eˆy
with A > 0, B > 0. σ
are the spin-indices representing spin-up (σ =↑) and
spin-down (σ =↓) for the electrons. µ is the chemical
potential. 〈i, j〉 denote two sites on the nearest-neighbor
link. Ps projects the Hilbert space onto the subspace
of one electron per-site. sx,y,zi are the spin operators
of the electrons. For simplify, we consider the case of
A = B = g in this paper. HI is the external field terms
with hx > 0, hy > 0.
The ground state of Htc denoted by Zi ≡ +1 and
Xi ≡ +1 at each site is a Z2 topological state. For
the toric-code model, the elementary excitations are Z2
vortex (Zi = −1 at even sub-plaquette) and Z2 charge
(Xi = −1 at odd sub-plaquette). Fermions are the bound
states of a pair of Z2 vortex and Z2 charge. When we
add the transverse external field, the total spin Hamil-
tonian Htc +HI cannot be solved exactly. However, for
small value of the external field, the ground state is still
Z2 topological order and the topological properties don’t
change.
Internal degree of freedom of a hole and emergent su-
persymmetry : Now we study a single hole doped in the
toric-code model. As shown in Fig.1, a hole is a charged
2Hollow regionHole
i
FIG. 1: The illustration of a single hole.
vacancy to remove the spin degree of freedom at site i, as
c†σi → c
†
i . Then near a hole, four plaquette operators are
forced to be zero, i.e. Zi−eˆx = Zi−eˆy = Xi = Xi−eˆx−eˆy ≡
0. Around this hole, there exist a boundary that sepa-
rates the topological spin liquid outside and a hollow area
around the hole. For a hole in the Z2 topological order,
the ground state degeneracy becomes 2 (without being
considered the edge states)[15, 17]. To classify the degen-
eracy of the ground states, as shown in Fig.2, we define
two types of closed string operators, Wv(CA) =
∏
C s
x
i
and Wf (CB) =
∏
C s
y
i . Wv(CA) is a closed string opera-
tor around a hole. Wf (CB) is a closed string operator
from the boundary of a hole to the boundary of the sys-
tem. Since Wv(CA) and Wf (CB) form the Heisenberg
algebra, we can map the Hilbert space of Wv(CA) and
Wf (CB) onto that of a pseudo-spin (S =
1
2 ) and iden-
tify Wv(CA) andWf (CB) to spin-1/2 operator S
z and Sx
as Wv(CA) → S
z and Wf (CB) → S
x. Then, we use |↑〉
and |↓〉 to denote the pseudo-spin degree of freedom of
the quantum states of a hole. These two quantum states
can be characterized by the fermion parity (or the flux
quanta of the Z2 vortex) of the hole : |↑〉 corresponds to
the state with even fermion parity, |↓〉 corresponds to the
state with odd fermion parity. Now the hole’s statistics
dependents on its fermion parity.
For the zero external field case, hx = hy = 0, the two
quantum states |↑〉 and |↓〉 are degenerate exactly. When
we add the external field, the quantum tunneling effect
will lead to an energy splitting. Then we can derive the
effective model of a hole by the quantum tunneling theory
as Hh ≃ h˜
xSx + h˜zSz where h˜x = 2(h
y)Lx
(−8g)Lx−1
and h˜z =
24(hx)12
(−4g)11 . Here Lx is the distance between the boundary
of the hole and the boundary of the system. See the
detailed calculations in Ref.[15, 16]. In general, for an
infinite system, we have h˜x = 0. In addition, for the
two-hole case, we have the effective model of two holes
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FIG. 2: The illustration of holes in a Z2 topological order of
the toric-code model.
as
Hh ≃ J
xxSx1 S
x
2 + J
zzSz1S
z
2 +
∑
l=1,2
h˜zl S
z
l (2)
where Jxx = 2(h
y)l
(−8g)l−1 , J
zz ≃ (h
x)Lzz
(−4g)Lzz−1 . l is the distance
between the holes and Lzz is the distance for a path sur-
rounding the two holes. Due to Jzz ≪ Jxx, the effective
model of the two-hole case is reduced into
Hh ≃ J
xxSx1 S
x
2 + h˜
zSz1 + h˜
zSz2 . (3)
Due to the term of JxxSx1S
x
2 , two holes may exchange
their fermion parities.
So one may tune each parameter in above effective
Hamiltonian Hh by controlling the external field along
special direction and then manipulate the internal degree
of freedom of holes. For example, in the limit Jxx → 0,
the quantum state with lowest energy is |↓〉1⊗ |↓〉2
with odd fermion parity for each hole. In the limit,
h˜z → 0, the eigenstates are (|↑〉1+ |↓〉1) ⊗ (|↑〉2+ |↓〉2)
and (|↑〉1− |↓〉1)⊗ (|↑〉2− |↓〉2). Now the average fermion
parity of each hole is 1/2 for both eigenstates.
Effective supersymmetric model: Because the original
statistics of a hole is fermion, a holon (a hole in the Z2
topological state) is a boson for the internal state |↓〉 with
odd fermion parity or a fermion for the internal state
|↑〉 with even fermion parity. Then for a single holon,
we can use a two-component supersymmetric operator to
describe it as cσ˜i. cσ˜i plays the role of a two-component
spinor with a pseudo-spin where c↑˜i = bi and c↓˜i = fi are
the charged boson and charged fermion operators on site
i.
Now we consider the t-toric-code model with finite
hole-concentration, of which the effective Hamiltonian is
Heff = Ht +Hh where Ht is the hopping term of super-
symmetric holons,
Ht = −t
∑
〈ij〉σ˜
Psc
†
σ˜icσ˜jPs+µB
∑
i
b†ibi+µF
∑
i
f †i fi. (4)
3Ps projects the Hilbert space onto the subspace of one
particle per site. Now the projector Ps has no effect
for the spinless fermionic holon f †i while guarantees the
particle number of bosonic holon nbi = b
†
ibi. µB and µF
are the chemical potentials for the bosonic holons and
that of fermionic holon, respectively.
To characterize the supersymmetry, we introduce the
generators Sxi , S
y
i , S
z
l that are just the string opera-
tors Wf (CB), −iWf (CB)Wv(CA), Wv(CA). And we have
Sxl = (S
−
i +S
+
i )/2, S
y
l = (S
−
i −S
+
i )/2i. It is clear that S
±
i
is a fermionic operator. Physically, S−i turns a fermionic
holon into a bosonic holon, and S+i does the opposite. By
the two-component supersymmetric operator, we have
S− = b†ifi, S
+
i = bif
†
i and S
z
l = (b
†
i bi − f
†
i fi)/2. Thus
we re-write the term Hh into
Hh ≃
∑
ij
Jxxl S
x
i S
x
j +
h˜z
2
∑
i
(b†ibi − f
†
i fi) (5)
where Jxxl =
2(hy)l
(−8g)l−1
. Because the exchange term Jxxl
decays exponentially, we may only consider the shortest
case that is l = 2 (for l < 2, the hollow regions of two
holons merge and we cannot define the corresponding
quantum tunneling process). As a result, the fermion
parity exchange term
∑
ij J
xx
l S
x
i S
x
j is reduced into
Jxxl=2
∑
i
(Sxi S
x
i+3ex + S
x
i S
x
i+3ey ) (6)
=
Jxxl=2
4
∑
i
[(b†ifi + bif
†
i )(b
†
i+3ex
fi+3ex + bi+3exf
†
i+3ex
)
+ (b†ifi + bif
†
i )(b
†
i+3ey
fi+3ey + bi+3eyf
†
i+3ey
)].
Thus we have an exact supersymmetry for the toric
code model without the external field, i.e., [S−i , Heff ] =
[S+i , Heff ] = 0.When there exists the external field (h
x 6=
0, hy 6= 0), the supersymmetry is broken explicitly, i.e.,
[S−i , Heff ] 6= 0, [S
+
i , Heff ] 6= 0.
Supersymmetric Bose-Einstein condensation: We
firstly study the many-body system with exact super-
symmetry as [S±, H ] = 0. Now for the dilute gas limit
of holons (the hole-concentration δ is smaller than 1%),
the effective model is
Heff = −t
∑
〈ij〉
b†ibj − t
∑
〈ij〉
f †i fj +µB
∑
i
b†ibi+µF
∑
i
f †i fi
(7)
where µF = µB = −4t. bj denotes the annihilation oper-
ator of the hard-core bosons. Because in the small hole-
concentration limit, we can release the single-occupied
condition of the bosonic holons and consider the holons
as non-interacting bosons. For non-interacting bosons
we always have µB = −4t (we measure the energy from
the bottom of single particle dispersion) at zero tem-
perature, regardless of boson number. Supersymmetry
of Heff requires µF = µB, as a result we have 0 or 1
fermionic holon. Now each holon becomes a boson and
the ground state is a BEC state with holon-condensation
as 〈0|bk=0|0〉 = b0e
iϕ0 6= 0. Here |0〉 denotes the ground
state. Thus the ground state spontaneously breaks both
global U(1) symmetry and supersymmetry.
There are two types of collective excitations. One type
is the Goldstone mode that describes the phase fluctua-
tions as ϕ0 → ϕ0 + ϕi. The effective Hamiltonian of the
Goldstone mode is H = −2tb20
∑
〈ij〉 cos(ϕi − ϕj) which
is really a two-dimensional XY model. Another type of
collective excitation is the Goldstino mode which can be
regarded as the fermionic ”spin wave”[18]. Due to the
holon-condensation, we have S+i = b0f
†
i . From the hop-
ping term of f †i , we have the effective model of the Gold-
stino as HGoldstino = −t |b0|
−2∑
〈ij〉 S
+
i S
−
j . The disper-
sion of the Goldstino mode is given by Ek = |b0|
−2
εk
where εk = −2t(coskx + cos ky). Due to the existence of
the Goldstino mode, we call the unique ground state to
be supersymmetric Bose-Einstein condensation (SBEC).
Supersymmetric Bose-Einstein condensation with
Fermi surface: For the case of hx 6= 0, hy = 0, the
effective model turns into
Heff = −t
∑
〈ij〉
b†ibj − t
∑
〈ij〉
f †i fj +
∑
i
µBb
†
ibi
+
∑
i
µF f
†
i fi +
h˜z
2
∑
i
(b†i bi − f
†
i fi) (8)
where h˜z = 24(h
x)12
(−4g)11 . The supersymmetry is partially
broken by h˜z term.
Because there is no couple between fermionic holons
and bosonic holons, the ground state can be considered to
be a Bose-Fermi mixture. The bosonic holons condense
and fermionic holons form Fermi liquid. In the dilute hole
limit, we can simplify the Fermi surface of the fermionic
holons to be a circle with a radius kF . Now in continuum
limit, the effective Hamiltonian can be reduced into
Heff ≃
∑
k
[
k
2
2m
+ (µB)eff ]b
†
k
bk +
∑
k
[
k
2
2m
+ (µF )eff ]f
†
k
fk
(9)
where the effective chemical potential of bosonic holons
(µB)eff and the effective chemical potential of fermionic
holons (µF )eff are (µB)eff = µB +
h˜z
2 and (µF )eff = µF −
h˜z
2 , respectively. m is the effective mass of holons, m ≃
1
2t .
Then we can estimate the number of fermionic holons
and that of bosonic holons by minimizing the total
ground state energy. We define the total holon number
to be Nt = Nb+Nf where Nb =
∑
i n
b
i and Nf =
∑
i n
f
i .
The total ground state energy is Etotal = Eb+Ef , where
Eb =
h˜z
2 Nb =
h˜z
2 (Nt −Nf ) is the ground state energy of
bosonic holons and Ef = (δf )
2 piN
m −
Nf h˜
z
2 is the ground
state energy of fermionic holons. Here N is the lattice
number and δf is the concentration of fermionic holons.
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FIG. 3: The phase diagram: the supersymmetric Bose-
Einstein-condensation (SBEC) (the blue line at hx = 0), the
supersymmetric Bose-Einstein-condensation with Fermi sur-
face (SBEC+FL), the Fermi liquid (FL). There is a quantum
phase transition at (hx)c (the red line).
From the condition, ∂Etotal∂Nf = 0, we obtain the concentra-
tion of fermionic holons as δf =
mh˜z
2pi =
h˜z
4pit . Because the
maximum fermionic holon’s concentration is δ which is
the hole concentration, we get a critical value of the ex-
ternal field, (h˜z)c = 4pitδ or (h
x)c = (4g)
11/12 (pitδ
6
)1/12
.
For small external field case, hx < (hx)c, there exists
bosonic holons with the concentration to be δb = δ − δf .
Now the ground state is a mixture of SBEC of bosonic
holons and Fermi liquid (FL) of fermionic holons (we call
it SBEC+FL state). In general, h˜z is very tiny. For
example, for the case of hx/g = 0.3, we have h˜z/g ≃ −3×
10−12. So we always have the SBEC state for bosonic
holons and the Fermi liquid for fermionic holons with
very tiny fermi surface.
For large external field case, hx > (hx)c, all holons
are fermions. The ground state is a Fermi liquid (FL)
state with the number of fermionic holons as Nf = Nt.
Now the effective chemical potential of fermionic holons
is (µF )eff ≃ 2pitδ and the effective chemical potential of
bosonic holons is (µB)eff ≃ h˜
z/2. There exists a finite
energy gap to excite a bosonic holon. While the fermions
have no energy gap.
From these results we plot the phase diagram in Fig.3,
of which the red line denotes the quantum phase tran-
sition between SBEC+FL and FL. The FL state is only
stable in the limit of tδ → 0 and hx/g → 1. However,
for hx > 0.34g, a topological quantum phase transition
occurs and the ground state turns into a spin polarized
state without topological order[19–23]. Thus we can only
discuss the case of small external field as hx < 0.34g.
Supersymmetric superfluid : In this section we study
the case of hy 6= 0, hx 6= 0. The supersymmetry is broken
completely. Now the effective model is
H = −t
∑
〈ij〉
b†ibj − t
∑
〈ij〉
f †i fj + µB
∑
i
b†ibi
+ µF
∑
i
f †i fi +
h˜zl
2
∑
i
(b†i bi − f
†
i fi)
+
Jxxl=2
4
∑
i
[(b†ifi + bif
†
i )(b
†
i+3ex
fi+3ex + bi+3exf
†
i+3ex
)
+ (b†ifi + bif
†
i )(b
†
i+3ey
fi+3ey + bi+3eyf
†
i+3ey
)]. (10)
The ground state is really a BEC of bosonic holons
〈0|b0|0〉 = b0e
iϕ0 with induced pairing of fermionic
holons.
Let us estimate the induced SC pairing of fermionic
holons. The effective Hamiltonian of fermionic holons is
Hf ≃ −t
∑
〈i,j〉
f †i fj + (µF )eff
∑
i
f †i fi
+
b20J
xx
l=2
4
∑
i
(f †i f
†
i+3ex
+ f †i f
†
i+3ey
) + h.c. (11)
Thus, when the bosonic holons condensate, there exists
px+ py superconducting order parameter for the non-
interacting fermionic holon
〈0|f †
k
f †−k|0〉 =
b20J
xx
l=2
4
[(sin 3kx + sin 3ky)]. (12)
Now we have a gapless fermionic holon with px+ py pair-
ing.
Due to the condensation of the bosonic holons and
the induced SC pairing of fermionic holons, the effective
model of the Goldstino mode turns into
HGoldstino = −t |b0|
−2
∑
〈ij〉
S+i S
−
j + (µF )eff |b0|
−2
∑
i
S+i S
−
i
+ Jxxl=2
∑
i
(S+i S
+
i+3ex
+ S+i S
+
i+3ey
) + h.c..
(13)
Then the dispersion of the Goldstino mode is derive as
Ek = |b0|
−2√ε2k +∆2k where εk = −2t(coskx+cosky)+
(µF )eff and ∆
2
k = (
Jxxl=2b
2
0
4 )
2[(sin 3kx + sin 3ky)
2].
Conclusion : In this paper, we found that for the
Z2 topological spin liquid of the toric-code model, a
doped hole becomes a charged supersymmetric parti-
cle. Thus the doped Z2 topological spin liquid of the
toric-code model provides a unique example of super-
symmetric many-body system. The ground state is a
new matter of quantum state - SBEC, of which there ex-
ists fermionic Goldstone mode - Goldstino which is the
partner of Bosonic Goldstone mode. And we can tune
the supersymmetry by adding transverse external field
to the toric-code model. After breaking the supersym-
metry by transverse external field, the ground state may
be a supersymmetric superfluid - BEC state for bosonic
holons and SC state for fermionic holons.
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